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Let Q(x) be a polynomial with real coefficients and W, (Q(D)) be the periodic
Sobolev class defined by Q(D), D =d/dr. We get the exact values of Kolmogorov,
Gel'fand, and linear 2x-widths of W, (Q(D)) in L, for pe(l, oo} and n > N(Q),
where N(Q) is a constant dependent on 0. ¢ 1993 Academic Press, Inc.

1. INTRODUCTION

Let Q(x) be a polynomial with real coefficients and the Sobolev class
W ,(Q(D)) be the class of continuous 2zn-periodic functions f(x) for which
f“ﬁgg ~! is absolutely continous and |Q(D) fI|,< 1, where deg Q is the
degree of 0, D=d/d:, and |||, is the usual L [0, 2n}-norm. Denote by
d,(p,q), d"(p, q), 3,(p,q), and b,(p, ¢) the Kolmogorov, Gel'fand, linear,
and Bernstein n-widths of W, (Q(D)) in L,[0, 2n], respectively. When
Q(x) has only real zeros, the quantities s,(p, ¢) have long been investigated
by many authors (cf. [1-3, 12, 14]), where s, denotes any of the four sym-
bols d,, d”, 4,, and b,. In the case where Q(x) has complex zeros, the
Bernoulli function

imx

1 e .
G(X)=2—— Z "Q—(;ﬁ'r;)‘, l—./—l, (11)

animwO

corresponding to Q(D) does not satisfy the property of cyclic variation-
diminishing. Therefore the study of s,(p, q) becomes complicated. This
question has been discussed in several papers up to now (cf. [4, 5, 9-11,
16]). In this paper, we obtain the exact values of d,,(p, p), d*"(p, p), and
S, p, p) for pe (1, o) and n> N(Q), where N(Q} is a constant determined
simply by Q.

Similar results about n-widths of this paper have been proved by Pinkus
[(13] for nonperiodic Sobolev classes. By discretization, [13] proves, for
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2N-WIDTHS OF A PERIODIC SOBOLEV CLASS 9

p=4¢q, the existence of the function and the eigenvalue satisfying the critical
point equation [13, Thm.2.1]. This is essential to the estimations of
n-widths. The proof of Theorem 2.1 in [13] is complicated and does not
adapt to the periodic case. We prove, by a variational condition, for
P, g€ (1, ), the existence of function and eigenvalue satisfying the critical
point equation. Moreover, the expression for the eigenvalue has been given.
Our method is different from that of [1] as well.
Throughout the paper G is given by (1.1).

2. PRELIMINARY FACTS

Set Q(x)=TT/_, (x—4) [T¥9 [(x—a;)*+b}]. where r+2u(Q) =deg Q,
/;ya;€R, and ,> 0. Denote by v(Q) the maximum of the b,, j=1, ..., W(@).
We define

E(G)=span{cos mx, sin mx| Q(im)=0},

and denote by E*(G) the orthogonal complement of E(G) in L,[0, 2n].
It is well known (cf. [9, p. 1360]) that fe W (Q(D)) if and only if f may
be represented as

S(x)=P(x)+ (G * h)(x),
where Pe E(G), he EX(G), h=Q(D) f ae., and

(G * h)(x j G(x —1) h(1) dt.

Let f be a 2zn-periodic function. Denote by Z(f) the number of zeros of
S on a period, counting multiplicities, and by Z (f) the number of zeros
of f on a period, counting multiplicities up to s. By dis(f) we denote the
maximum distance between consecutive zeros of f, in which a zero interval
is regarded as a zero point.

If v(Q)=0, i.e, Q(x) has only real zeros, all the results of this paper were
established in [2]. So we assume v(Q) > 0.

Lemma 2.1 [9, pp. 1357, 13601, If dis(f) < n/(2u(Q) — 1) w(Q), then

(]) Zm(f)SZMgdegQ(Q(D)f)’fECmam>degQ;

(2) SAf)<SAQ(D) [f), for flx)e W,(Q(D)), where S.(f) is the
number of sign changes of periodic  (c¢f. [12, p. 60]).

Let T={x;}" <[0,27). If x, < --- <x,,, we set

d(T)= max (x,,, —x), X1 =21+ X,

1<ism



10 CHEN AND ZHANG

The G-spline subspace X(T), with simple knots {x;}7_,, is the class of
functions

Flx)=P(x)+ i ¢, G(x - x;), Pe E(G), i c; 8(x—x,)e EXG),

i=1 i=1

where d(x) is 2n-periodic Dirac function.
In what follows we need to smooth functions. This is done by means of
convoluting f with

| & x —2kn\?
P _ ——— *‘———_ . Oo
#-) ﬁzp( (ﬁ)) i

Let G be given in (1.1). We set G,=¢,* G and call X(7,0):=
{¢,* FI|Fe X(T)} the G,-spline subspace with simple knots at T.

It is easy to see that se X(7T, ¢) if and only if s has the representation
s(x)=Px)+ 27, .G {x—x;), where P(x) and c,’s satisfy the same

conditions as in the definition of X(T).

LEMMA 2.2 [6, p.457). (1) For any 2n-periodic function ge L [0, 2n]
we have

Z(p,* g)<S.(g)
(2) If g is continuous with period 2r, then

lim g, * g— gl =0,

LEMMA 23 [9, Lemma34]). Let m>0. If a nontrivial Fe X(T, c)
satisfies dis(F)<n/(2u(Q)— 1) v(Q), then

Z(F)<card T.

LemMmAa 24, Let card T=2m+1 and Fe X(T,6) be nontrivial. If F
vanishes on T'={y,}}” = [0,2n) with d(T') <n/2u(Q)— 1) v(Q), then

SA{F)=2m and F changes sign at the y,, j=1,2, .., 2m.

Proof. We need only to prove that for any je {1, ..., 2m}, y, is a simple
zero of F and that F has no zero except {y;}:™,.

By Lemma 2.3, F has no interval zero and Z,(F)<2m + 1. Therefore,
2m < Z4(F)<2m+ 1. The proof will be complete if Z,(F)=2m. Assume to

the contrary that Z,(F)=2m+ 1. Then there are two cases as follows.

(1) There exists a ke {l,..,2m} such that O0=F(y,)=F'(y,)#
F"(y,) and 0=F(y;) # F'(y,) for je {1, ..,2m}/{k}. Therefore F has no
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zero except T'. From these it follows that F only changes sign at 7'/{y, }
and thus that S(F)=2m—1.

(2) For any y,eT’, 0=F(y,)#F'(y,). Then there exists a
xo€ [0, 27)/T’ such that 0= F(x,) # F'(x,). Therefore, S.(F)=2m + 1.
In all cases S.(F) is an odd number. This contradicts the fact that S (F)
is even. Therefore the proof is complete.

Remark. Given Q, we call Q*(D)= Q(— D) the conjugate operator of
Q(D). Obviously the Bernoulli function corresponding to @*(D} is
G*(x)=G(—x). Therefore, E(G*) = E(G), p(Q*)=u(Q) and v(Q*)=v(Q).
Any result established for W,(Q(D)) has its analogue for W, (Q*(D)).
For example, let f(x)=P(x)+(G* * h)(x)e W, (Q*(D)) with dis(f)<
7/(2p(Q) — 1) v(Q), then S.(f)< S (h).

We introduce for convenience the following notation:
M (xl - xm)
y] P )Ym
0 0 gi(y1) o gil(vw)

6 ot 0 gv(.yl) et gv(.ym)
gilx;)) - gdxy) Glx;—y) - G(x;—y,) ’

21(cm) - 8(Xm) G(Xm— 1) - GlXm— Ym)

where g,, .., g, is a basis of E(G). The determinant will be denoted by
M, (7 r) if G is replaced by G,.

3. ESTIMATION OF d,,(p, q) (1 <g< p < oc) FROM ABOVE

For p,ge(l,®), n=1,2,.., we consider the following extremal
problems:

Adp, g, G):=sup{||G*hl,|heD, ,},

where D, , is the class of functions A(x) such that [[A4]|, <! and

nop

h(.w%): — h(x), (3.1a)

h(x)=0, xe[O, —). (3.1b)
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Obviously, D, ,< E*(G) for n>v(Q). We will denote 4,(p, g, G) by 4, if

np=

no confusion arises.

LEmma 3.1. A, >0 for n>v(Q).

_ Proof. 1f 4,=0 for some n>v(Q), we can choose a he D, , such that
h(x)=c>0 on [0, n/n). Therefore G * h=0. By differentiating, we get

2n—1
) (—1)*G(x—k—")=0,
k=0 n
which contradicts the fact that dim X(7,)=card T,=2n, where T,=
{kn/n}i",'. The proof is complete.

THEOREM 3.1. For n> (2u(Q)— 1) v(Q) and 1 < p, g < 0, there exists a

unique continuous function h,e D, , such that

(1) 1G*hll,=4,:=4,p,q G)=4, h,l,;

(2) [FG(x—=y) UG * h,)x)¢ "sgnl(G * b, )(x) ] dx = A8 | (y)]7 !
sgnfA,(y)], Vye [0, 2n];

(3) sgn(G * h,){x)=¢sgnsinn(x —B), xe [0, 2n), where pe [0, n/n)
fixed;

(4) |h,(x)|” " sgn h,(x) has exactly 2n zeros {kn/n};" ' = [0, 2n),
all of which are simple.

Proof. Our proof follows the same lines as that of Theorem 2.1 found
in [2]. But the method needs some improvement. If a continuous function
h,e D, , satisfies (1) and (2), in view of Lemma 2.1, dis(4,)<n/n,
dis(G * h,) <=m/n, we can prove (3), (4), and the unicity of h, by
applying the same methods as that found in [13] (Proposition 2.8 and
Proposition 2.3, respectively) and Rolle’s Theorem (cf. [9, Prop. 1.3]).
Thus we only prove (1) and (2). By using the weak* compactness of L,
we can prove that there exists an h,e D, , such that |G« h,|,=4,=
A, M,ll,. (The procedure of the proof is the same as in [7]). For an
arbitrary he D, ,, t 20, set

1G * (hy+ )],
)= e
S T

From the inequality g{z) < g(0) it follows that g'(0*) <0, ie.,

J:ﬂ (G * h)(x) 1(G * h,)(x)|* " sgn[(G * h,)(x)] dx

2n
= | k() Ih()17 Fselh,(y)] dy <O,
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Substituting {37 G(x — y) h(y) dy for (G = h)(x), and changing the order of
integration, we get

2n 27
J. A { J, GGx=3)1(G * h)(x)1*" sgnL(G » hy)(x)] dx

— AL ()7 'sgn /1,,()')} dy<0. (3.2)

Denote the function in { --- } by E,(y). Then E,(y) satisfies (3.1a). There-
fore h(y) E,(y) is a function with period n/n. Thus (3.2) is equivalent to

me,,(y)h(y)dySO forall heD, .
0

From the arbitrariness of he D we get

n p»

E(y)<0 ae _VE[O, ﬂ (3.3)

If we speciafically take A=A, then g’'(0%)=0, ie,
[ b dy=o
Since E,(y) h,(y)<0, ae. ye[0, n/n], we get
E(y)=0, ae. yefF,:= {yl}’e[o, S:l,h,,(y)>0}. 34)
Write

2n
H,,(y)=j0 G(x— y) (G * b, )(x)|?" " sgn[(G # h,)(x)] dx.
Then H,(y) satisfies (3.1a). So dis(H,)<n/n<a/2u{(Q@)— 1) w(Q). It is
easy to prove that
G * h,)(x)|?" " sgn[(G * h,)(x)] € EX(G*)= EX(G).

From Lemma 2.1 and the remark in Section 2, we obtain

S(H,)<SAIG*h,|" "sgn[Gxh,])=SAG *h,).

Since dis(G * h,)< n/n, h,c E*(G), we have S(G*h,)<S.(h,)=2n 1t
follows that S (H,)=2n. We claim that the following are equivalent:
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(i) H,(y)=0,¥ye[0, n/n],
(ii) E(y)=0, ae ye[0, n/n].

In fact, suppose that (i) holds. Set Fo={y|»e[0, n/n], h,{y)=0}. From
(3.3), (i) and the equality

H(»)=E(»)+ A0k, ()" "sgnh(»), ye [0, g] (3.5)

it follows that 0< H,(y)=FE (»)<0, ae. ye F,. Hence H,(y)=E (y})=0
ae. yeF,. From this and (3.4), we get (i1).

Conversely, assume (i1) holds. If (i) is false, then by the continuity
of H,(y), there exists a nondegenerate interval 7<= [0, n/n] such that
H,(y)<0, Vyel From (3.4) and (3.5), it follows that 4,(y)=0, ae. yel
Therefore, again by (3.5), we get E (y)=H,(y)<0, ae. yel This
contradicts (ii). So we have proved the equivalence of (i) and (ii).

Now we are going to prove (i). We again use the method of proof by
contradiction. Suppose that (i) is false. We may assume, without loss of
generality, there exists a € (0, n/n) such that

H, (=0 forall yelO, a);

Hn(}') < 0 for all ye l:a’ g) ;

and any of the inequalities can’t become equality for all y. From (3.4)
and (3.5) it follows that 4,(y)=0 ae ye[a n/n]. Let’s so modify the
definition of A,(y) that it equals to zero for all ye [a, n/n]. Put AX(y)=
h(y—am+a), EX(y)=E,(y—n/n+a)and H¥(y)=H,(y—n/n+a). It’s
obvious that h¥e D, ,, and ||G * &} = 4,. We can make the same argu-
ment for 4*, E¥ and H}* as we have done for £, E,, and H,. Therefore
the following are also equivalent:

(* HXy)=0, ve [0, n/n),
(1)* EX(v)=0ae. ve[0, n/n)

Obviously, HX(y)=0 for ye[0,n/n] (notice that S.(H}*)=2n, and
H,(y)20 for ye [a—(n/n), a]).

Therefore EX(y)=0 ae. ye [0, n/n], which entails the validity of (i)*
and (ii)*. Since both E,(x) and E *(x) satisfy (3.1a), we have proved the
validity of (ii) by the relation between E,(x) and E*(x). Consequently, (2)
holds for almost all ye [0, 2x]. Let us modify the definition of 4,(x) in
some zero-measure set, such that equality (2) holds everywhere. So 4, is
continuous. The proof is complete.
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Substituting G,=¢,* G for G we define 4,,=4,(p,q,G,). For G,
Theorem 3.1 holds as well. Denote by 4, , the unique function satisfying
Theorem 3.1 (corresponding to G,).

LEMMA 3.2, For n> (2u(Q)— 1) v(Q),

(1) lim, ¢ 24, ,=4,.

(2) There exists a sequence of positive numbers {o,}7_,, which
converges to zero, and the corresponding sequence of continuous functions
{hy o V2o | converges uniformly to h,, where h, is given in Theorem 3.1.

Proof. Since (14, huoll, <I$oli - Mol <1, S, *h,,)=2n and
(¢, * h, o)X+ (n/n))= — (¢, * h, ,)(x), there exists an ¢, = +1 or —1, a
a, € [0, m/n) such that

Joo =t (P, *h, N x+a,)eD,.

Therefore,

i IG * faolly _1G * (8o * huo)ll,
sl I¢s * b0l

2 “Ga * hn.a”q: An,a'

On the other hand, 4, ,> |G, *x h,/l,= ¢, * (G x h,)|,— 4, (6 = 07). This
proves (1).
If we put

fG’ = |GH * hﬂ,ﬂlq— ! Sgn(Gﬂ * hn,a)'

then

2n
{ J, GoAx=1) 1) dx}

a>0
is a bounded and equi-continuous subset of C[0,2n]. Now (2) follows
from (1) of Theorem 3.1 and 4, ,— 4, #0. The proof is complete.

Denote by X,, and X,,,, respectively, the subspaces of the splines
defined by G and G, with the simple knots {in/n}2"".

THEOREM 3.2. Assume 3, is the unique zero of G, * h, ,€ [0, n/n). For
n>(2u(Q)— 1) V(@)

(1) foranyf,=P+G,*h, Pc E(G), he E*(G), there exists an unique
S2n,a‘(fa) = SZn,a(fo, I) € Xln.a’ Whl(:h interpo,ates frx at {Ba + (”[/n)},zi;) l;

640:75:1-2
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(2) fa(x) - Szn,a(fn’ X) = (Z)n Ma(x, y) d}' = Mh, where

B, o g+
M (x,v)=M, . (2n;]’;n . A4 !
g, - p+ 2T
A=M, . (2n—1’;7t (#0);
n

(3) there exists € { —1, 1} such that
M (x, y)=cesgnsinn(x—f,) |M_{x, v)| sgn sin ny.

Proof. We first prove the unique existence of the interpolation spline.
Equivalently, we prove that if S,(x)=P(x)+X ' c,G,(x—{jn/n))e
X,, ., satisfies

S, (ﬁa+§>=o, i=0,1,..,2n—1, (3.6)

then S, =0.

In fact, if S, satisfies (3.6), and S, # 0O, then there is a constant ¢, such
that G, * h,, ,— ¢S, has (2n+ 1) distinct zeros. Therefore, dis(G, * A, ,—cS,)
< n/n, and for any positive integer m=22n+1, Z, (G, xh, (- )—cS,(-)) =
2n+ 1. By Lemma 2.1 (1) and Lemma 2.2, we have that

2n + 1 < Zrn(Grr * hn,n( ) ) —CS(,( ) ))

2n -1 .
smedegQ <¢o‘ * hn.a(')*c Z CI'¢U<'—JE>>

j=0 n

= Zm - deg O (¢a,2 * <¢m’2 * hn.n( - ) —C ~i C/'¢a,e’2 ( _.]—72)>>

i=0 h
2n 1 jTI
gS(- (¢a/2 * hn,a(')_c Z C,¢m‘2 <__'>>
j=0 n
On the other hand, for sufficiently small >0, we define a 2n-periodic

function as follows:

617 [x| <13

1
T
0 T<Xx<2n—1.
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(¢a’ axh, o ()—c i 2% ( JZ))
<lim S, (¢ . (h,,,,,n)—cz"il o jn)))
L the /=0 "

2n—1
Sl_l_.nl S(( na( )_C Z 69( jn))
t—~0" n

< 2n

Thus

The last inequality follows from the fact that 4, , is continuous and
S.(h,,)=2n This implies a contradiction. So we have proved that (1)

holds and therefore 4 # 0. By directly computing [3* M ,(x, y) h(y) dy, we
obtain

2n
J, ¥y hy)dy = folx) = 5,(x),

where s,€X,,, and f(B,+ (in/n))=s,B,+ (in/n)), i=0,1,.,2n—1.
Thus from the unicity of interpolation, (2) holds.

In what follows, we prove (3). Expanding M, by the last row we obtain
that when y € [0, 2n\{in/n} 273", M, e X({in/n}}" ' u {y},0)and M, #0
(since the coefficient of G, (x—y) is not zero) By Lemma 2.4, when
ye ((i/n)m, ((i +1)/n) =), M (-, y) changes signs just at {B,— (in/n)} "
Applying the same argument as above, it follows from the remark of
Section 2 that when xe (B, + (i/n) n, B,+ ((i + 1)/n) n), M (x,-) changes
signs just at {in/n}2",'. This completes the proof of (3).

THEOREM 3.3. Let n> (2u(Q)—1)v(Q), B and h, be given in Theorem
3.1. Then, for any fe W,(Q(D)), there exists a unique S,,(f)e€ X,, which
interpolates f at {B+ (in/n)}223", and

sup{|lf = Sol N | SEeW,(QDN)} =4,, 1<g<p<oo.

Proof. The procedure of the proof is similar to that of Proposition 2.7
in [13] or Theorem 2.2 in [2]. First, by Theorem 3.2, we can prove
Ifo — S f)ll, < Any, for any f, =P+ G, * h, where Pe E(G), he E*(G),
l#l,<1 and l<g<p<o. Second, by Lemma 3.2, we obtain a
S,.(f)€ X,, which interpolates f at {B+ (in/n)}?,' and such that
If = S2(),< 4, for any fe W, (Q(D)). We omit the details. The unique-
ness of such §,, follows from the existence of that and dim X,,=2n.
Take f=G «h,, then S,(G*h,)=0 and |G x h,— S,(G * h,)|, = 4,.
This proves the theorem.
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By Theorem 3.3, it follows that, for n> (2u(Q)—1)v(Q) and 1 <g<
p < oG, 52;1([7, ‘1) s j’r:'

THEOREM 3.4. Suppose n> (2u(Q)— 1) v(Q) and | <g< p< . Then

E(W,(Q(D)), Xy,), :=  sup inf | f—Sll,=4,(p, 9, G).

/e WalQID)) Se X,

Proof. Since |G *h,|Y 'sgn(G * h,) satisfies (3.1), then for n>
(2u(Q)— 1) v(Q) and any P(x)e E(G) we obtain

r" P(x)[(G * h,)(x)|* " sgn[(G * h,)(x)] dx=0.
0

By Theorem 3.1, we have

("6 (x—i;“) (G % h,)(x)|* " sgnl (G » h)(x)] dx =0,
4]

Therefore zero is the best approximant from X,, to Gk, in L,. This
means that

E( W,,(Q(D)), X?.n)q = }'n'

The converse inequality is obtained by Theorem 3.3. The proof is complete.

4. THE MAIN RESULTS

THEOREM 4.1.  Assumen> N(Q):=3v(Q)2u(Q)—1). Then forpe (1, x)

dyn(p, p)=d""(p. P)=6,,(p, P)=A,(p, p. G)< by, |(p, D).

Moreover,

(1) X, is optimal for d,,(p, p).

(2) L*:={feW,(Q(D)| flin/n)=0,i=0,1,.,2n—1} is optimal
for d*(p, p).

(3) 8., is an optimal operator of rank-2n for 8,,(p, p).

In the proof of Theorem 4.1, we will use the following. Suppose § and 4,
are given as in Theorem 3.1. Define 2n-periodic functions as follows.
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J(Zn)uu/q)z’!’w (G % h,)(x)|Y7 ", xe[ﬂ’ 'B+%);

Qu(x)= \ i
0, xe[ﬁ,[f+21r)\\[ﬁ,ﬁ+—);
\ \ n
(), xe [1 n,j—““—'n);
£(x)= n n )
0, x € [0, 27:)\[1 7, It n).
L n n

j=0,1,.,2n—1. Put

2n—1
M2n={ Z aifl'

i=0

ZEI a; (Y——>EE (G)}

LEMMA 4.1. Suppose n> N(Q) and 1 < p< g< . Then for any P(x)e
E(G) and f e M+, the inequality

i< |([ o (3-2) o+ G pna)” | @)
Ay k=0

I‘I
holds. Here A,=[B+ (kn/n), B+ ((k+1)7a/n)), and |- I, denote the
l,-norm in R*".

Proof. We first notice the fact that if f =37 " a,f,€ M,,, then | f| ,=
(2n) "7 ||(a;)?25 " |1, Consider the following extremal problem:

2n -1

= min { o, ]]( |, on (x—f‘n—") (P(x)+(G * [)(x)) dx)

k=01l

PeE(G), fe Mz,,\{O}}. (4.2)

Obviously, the minimum is attained at some Pe E(G), f Z”'*‘ a;f,€
M,,. We can normalize P and f so that [4{ <1, j=0,1,. 2n—1 and
d,,=(—1)™ for some m. Since (P, f) is a critical point for (4 2), it must

satisfy the following conditions:
-1
j @, (x—l—(z) P(x) dx
Ak n

) wn(x——> (P+Gx f)x)|

«sgn [ o, <x_’%) (P+G s f)x)dx=0, (4.3)

2nl
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for any Pe E(G), and

2n -1

km\ - P ¢! kn
kgo Lk @ (x——n—) (P+G* f)(x) J‘Ak ®; <x—7> (G * f)(x)dx
xsgnj @, <x—l—<—n) (P+G*f)(x)dx
Ak n
___1_ g f119- s p—1 - . _
=5 WG 7 1a) " sgnd, i=0,1,.,2n— 1. (44)

It is easy to prove that (4.3) and (4.4) are also valid if y, f, and P are
replaced by 4,, h,, and O, respectively. Set

w=[ o, (x—'—‘nf) (G * hy)(x) dx;

k . A
bsz ®, <x——n> (P+ G * f)(x)dx,
Ax n
cr=la,? 'sgn a,— b * ' sgn by,

k=0,1,..,2n—1, and

2n—1
Fx)=Y o, <x—@£>.

k=0 n

From (4.3), (4.4), and the analogous formulas for 4, 4,, and 0, it follows
that

j“z" F(x) P(x)dx=0, VPeE(G). (4.5)
2]

B+ 2n ] . ~

fﬁ F(x)(G * f)(x)dx =3 (A(=1Y —If 114 " u?a;” 'sgna,], (4.6)

i=0,1,..,2n—1. A
If 4, >y, then from (4.6) and || f||Y~ 7 <1, it follows that

B+ 2n 2n— |
2n=S8" F(x){G * /) (x)d
n=S, ((jﬁ (NG * £)(x) ‘)j:o>

i+ 1)n/n 2n— 1
s (07 anes s pmas)” ) @

i=0

where G*(-) :=G(—-), and S (Y) denotes the cyclic variation of ¥ e R*
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(cf. [12, p. 59]). By (4.7) and the non-negativeness of f;, there exist 1, ¢
(in/n, (i + 1) )/n) such that

LG* x F)(t)ILG* *« F)(1,, )] <0, i=0,1,..2n—1,

where t,,=1,+2n. The above facts yield that dis(G* * F)<3n/n<
7/(2u(Q) — 1) v(Q). 1t follows from (4.5) that Fe E*(G)= E*(G*). From
Lemma 2.1 and the remark in Section 2, we have

2n=S.(G* * F)<S.(F)
=S (e =S, ((a;=b)i25")

. R 2n -1
=5 ([, @n(x~5) LG b0 - P (G fro ax) )

i=

(Here we have used the relation sgn(a—b)=[al’ " 'sgna— (b 'sgn b.)
Repeating the above procedure, we have dis(—P+Gx*(h,—f))<
7n/(2u(Q) — 1) v(Q). Therefore,

SA—P+Gx(h,—N<SAh,— 1.

From the non-negativeness of ¢, we obtain

. 2n—1
n=S_ ((j q)n(x—E)(-13+G*(h,,-f”)(x))dx) >
4; n i=0

<S(—P+G*(h,—fH<S(h,—f)

=s‘.( ¥ ((—1)'—a,)f"><2n-2.

i#£m

This contradiction yields 1, <u. On the other hand, by putting P=0,

f =h, we get 1,> u. Thus the lemma is proved.

By Lemma 4.1 and the method used in proving Lemma 34 of [2], we
can prove

LEMMA 4.2. Ifn>N(Q) and 1 < p<g< oo, then
do(p, q) 2 4,.
LEMMA 4.3. Assume n> N(Q) and | < p<g<co. Then
d*(p,q) > 4.(q’, p', G*),
where (1/p)+(1/p")=(1/q)+ (1/q')=1.
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Proof. Let U,,=span{u,}?” =L,. We are going to prove the
following inequality:

Sup{ Hf"qlfe Wp(Q(D))’ f -L UZN} ? )'n(q” p" G*)

Obviously, we may suppose that the left hand side of the above inequality
is finite. Therefore, if Pe E(G) satisfies P L U,,, then P=0, which

v

means that the rank of the matrix ({u;,, g,))f’;‘,',=, is v, where (f, g)=
o f(x) g(x) dx, v=dim E(G) and {g,}_, is a basis of E(G). Without loss
of generality, we may suppose that

(i P)= Y. ayu, P), VPeE(G), i=v+l, ...
=1
Denote v, (y)= [3" G(x — y) u;(x) dx, and

W= g, j=1 .,

.
wy=v,— ) ayv,  j=v+1,.,2n

i=1
[t is easy to prove that

S(x)=Plx)+(G* h)(x) L U,,

if and only if # L W,, :=span{w,}?" . Therefore,

=1

sup{|lfll,| f€ W, (Q(D)), f L Us,}
2r
=sup UO S(x) glx)dx| fe W (Q(D)), f L Uy, ligl, < 1}

> sup { f:" h(y) <P(x) + Lz G(x — v) g(x) dx> dvih LW,

WA, < 1, Pe E(G*), ge E*(G*), lgl, < 1}
> dyp(W,(Q(= DY), L) 2 inlqs p's G*).

So we have proved the lemma.

Proof of Theorem 4.1. From Lemma 4.1 and

2n—1
(1))
Ak n k=0

<liglp
Il’
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it follows that b,, (p, p)=4,. By Theorem 3.3, Lemma4.2 and the
relations among the n-widths, we obtain

A.'n(p’ 12 G) g dZn(p7 p) S (Pzn(P’ p) < ;~n(P, P G)5

’ ’ * 2n (48)
Anp', P, G*)<d™(p, p) < é2(p, p).
By Lemma 3.5 in [2], we get
;’H(p'9 p” G*)=}”"(p7 p’ G)’

Hence all the inequalities of (4.8) turn into equalities. Therefore, both (1)
and (3) hold. Because of the explanations for (2) in [8] or [12], (2) also
holds. Thus the proof of the theorem is complete.

COROLLARY 4.4. If n> N(Q), then

1
d,(2,2)=d"(2,2)= 62,2, 2) = ——, i= /1.
Rt T TP TN
Proof. We only need to show that for n > N(Q)

1
1Q(in)l

in(2,2,G)= (4.9)

Notice that

r “Q)
10| = [] /u>+ 42 [] Va! +2a2b? + (> —b?)?
i=1

J=1

is a strictly increasing function of u for ue (v(Q), ).
By the definition of D, ,, we know that for any ~e D, , we have

h([): Z aneAink’a Cok =C_-—nk'
keZ k#0
Therefore (cf. [6, p. 456, (1.4)]),

Cuk — inkt
G * h)(1)= _Cnk__ g inkt,
(Geh= 2 Bk

It follows from Parseval’s formula that

w IV el x enr)”

QO(ink) = [Q(ink)| keZ. k#0

1G » hll> < 2n( y

keZ k#0

Al _ 1
oG

- . =

|Q(in)|
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o

n the other hand, if we take h,,(x)=(1/\/;)sinnxeD,,.2, then

|G * h,ll.=1/|Q(in)|. Therefore (4.9) holds. The proof is complete.

Remark. Tt had been derived in [10] that d,,(2,2)=|Q(n) ' for

sufficiently large n by a method different from that in this paper.
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